Denote by C 0 (R n ) the space of continuous functions for which |f (t)| → 0 as ||t|| → ∞. Given f ∈ C 0 (R n ) and Λ ⊂ R n a finite set we demonstrate the linear independence of the set of timefrequency translates {π(λ)f } λ∈Λ when the time coordinates of points in Λ are far apart relative to the decay of f. Similarly, when f ∈ L 2 (R n ) we prove the linear independence of {π(λ)f } λ∈Λ assuming the points in Λ are far apart relative to the decay of
The HRT Conjecture is still open in its most general form, but it has been proven under various additional assumptions on the function f and the point set Λ [1] , [2] , [3] , [4] , [5] , [7] , [8] , [9] . Our results are most similar to the extension principle in [9] , however our strategy is different.
In this note we will prove the conjecture in three cases where the distance between points in Λ is large relative to the decay of f. For example, we will prove the following theorem. We denote by C 0 (R n ) the space of continuous functions for which |f (t)| → 0 as ||t|| → ∞.
be a finite set, and fix R so that
for all t outside of the ball of radius R around the origin. If ||x i − x j || > R whenever i = j then G(f, Λ) is linearly independent.
The intuition for Theorem 1 is that if the points in Λ are spaced far apart then in any linear dependence the tails of translates of f must combine to cancel the peaks of f. This requires putting large coefficients on the translates of f. However by putting large coefficients on the translates of f, we make the peaks of the translates more difficult to cancel, leading to a contradiction.
The following lemma captures the intuition described above:
Proof. Assume that the functions
are linearly dependent, so that for some coef-
Since f is continuous this equality holds for all t ∈ R n . If we evaluate the LHS at the point x j we can rearrange to get the following inequality:
After summing all these inequalities and canceling |f (0)| from each side, we see that
which is a contradiction. The last equality follows since each term |c i | appears in exactly N − 1 of the inner sums in the second expression.
Now we can prove our first theorem:
Proof of Theorem 1. We can apply Lemma 1 with
. Since the points x i −x j all lie outside the ball of radius R around the origin, |f
Note that we only need to assume that the time coordinates of the points in Λ are spaced far apart for Theorem 1 to hold. Although the specific value f (0) suspiciously appears in our hypothesis, G(f, Λ) is linearly independent if and only if G(T x f, Λ) is linearly independent for all x ∈ R n , so we can always translate f to put the most advantageous value at the origin.
Since translations and modulations are exchanged under the Fourier transform, we get an analogous result in the frequency domain. We denote byf the Fourier transform of f.
for all ω outside of the ball of radius R around the origin. If ||ω i − ω j || > R whenever i = j then G(f, Λ) is linearly independent.
Proof. First note that T x f = M −xf and M ω f = T ωf . Therefore we can define
and G(f, Λ) is linearly independent if and only if G(f .Λ ′ ) is linearly independent. However Theorem 1 immediately applies to show G(f .Λ ′ ) is linearly independent.
The previous results apply when all points in Λ are sufficiently far apart in either time or frequency. By applying the Short Time Fourier Transform (STFT) we can demonstrate linear independence when the points in Λ are sufficiently far apart in the time-frequency plane. For f, g ∈ L 2 (R n ) the STFT of f with respect to g is given by
It is easy to see [6] that V g f ∈ C 0 (R 2n ) and satisfies the identity
for all λ outside of the ball of radius R around the origin. If
Proof. Suppose G(f, Λ) is linearly dependent so that for some coefficients c i we have
Then by applying the STFT with respect to g we have
where u i denotes the time coordinate of λ i . However we can apply Lemma 1 to
and
must be linearly independent, which is a contradiction.
While all of our theorems are limited in scope, there is some hope that we can apply them in a wider context by applying metaplectic transforms which can increase the distance between points in Λ. This is not straightforward, as we would need to apply transforms which do not significantly alter the decay properties of f relative to f (0). Theorem 3 has additional potential, as we can leave f and Λ fixed but vary the window function g in an attempt to satisfy the hypotheses. This leads naturally to the question:
outside the ball of radius R around the origin?
A positive answer to Question 1 would prove the HRT conjecture. We would want to design g so that V g f decreases sharply near the origin and then has a fat tail, since we know that the probability mass of V g f cannot be too heavily concentrated near the origin due to the uncertainty principle. However there may be some further variant of the uncertainty principle which leads to a negative answer to Question 1.
